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Summary 

A theory of pseudo cross-link model suggests the existence of multiple 

links 6f various size composed of i~16 segmental units. They possesses the 

heat and entropy of various magnitude giving various transition temperature, 

T A for the cross-link composed of 4 segments and T B for that of 16 segments. 

The glass-transition point Tg and the melting point T m are defined by the 

different size of lateral multiple links. Relationships, Tm = 2T A and 

Tg = (2/3)Tm = (4/3)TA, are derived. A wedge-type relaxation spectrum is 

obtained as a distribution of size of cross-links. For temperature de- 

pendence the WLF-equation is obtained. 

Theory 

In the preceding paper the author discussed on the viscosity and the 

diffusion of the polymer in the molten state or in the concentrated solution 

with emphasis on the effect of a molecular entanglement due to a segmental 

interaction which is proportional to the third power of molecular weight as 

is expressed by equation (i). 

~/N ~ n~K~ (1) 

Where v and N are the number of cross-linked segments and that of total 

segments existing in 1 cm ~, respectively, no is the number of segments in 

a molecule proportional to the molecular weight. K is a fractional equilibrium 

constant for the cross-linking and expressed as an exponential function of 

the heat, ~I and the entropy, AS, of cross-linking. 

-~ AS 
K = exp { RT - -R-) (2) 

Equation (I) is n~-times larger than the value for the ordinary association 

given by equation (3), if a factor r is taken to be unity 

v/N = n~ K (3) 

This is because that equation (i) involves the calculation of coordination 

factor of the molecular coils, which is overlapped to each others and this 
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effect is canceled by the rapid configurational change of the molecule or 

the rapid relaxation of the cross-link. Under the condition of complete 

melting the rapid configurational change of the molecule is allowed to occur 

to the difinite size of the molecule, i.e. n B , and e is to be 

= i/n~ (4) 

Accordingly, equation (I) is rewritten as 

~/N = (n0/nB)3K (5) 

However, the configurational change of a molecule is a rate process and ~ is 

a function of the rate of deformation and the temperature. After gelation 

the chain length n is to be taken instead of the molecular length, no, and 

consequently, ~/N = n3Ke 

Since n is to be N/~ in the gel, it follows that 

~/N = K I/~ e 1/4 (6) 

In fact,the vulcanization of rubber shows that the elasticity was found to 
- . 1 

be proportional to t I/~ , t being a time of vulcanlzatlon. This fact is 

derived from the following equations with a rate constant k. 

3 
d ( ~ / N )  = k~N - ~ e ~ k(N/~)3  e (7)  
dt k--L---j 

or ~/N = (ktg) i/4 (8) 

i, Flow temperature 

Since the collision of segments in a chain composed of n B segments is 
2 

proportional to nB, the configurational entropy obtained by the dissociation 

of a cross-link is R in nB and the activation free energy of configurational 

change, &F*, for a chain is 

&F* = E* - Rlnn~ (9) 

where E* is the activation heat of the dissociation equal to -AH. The 

condition at which &F* becomes zero gives a transition, above which the 

molecular flow occurs. 

E*/RT B = 2 inn B (I0) 

On the other hand, a chain possessing n B segments, i.e. the B-chain, is 

linked with one cross-link in the gel condition and therefore, 

n B = N/~ B (II) 

where VB is a number of the B-cross-link in 1 cm 3. Substituting equations 

(2) and (3) into equation (ii), it follows that 

nB = exp{ ~{RT gS}R (12) 

and from equations (i0) and (12), T B is obtained as follows 
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3 AH 
TB = 2 AS (13) 

Here, AH/AS implies another transition temperature, T A or 

T A = AH/AS (14) 

T B i s  1.5 t imes h igher  than T A- 

T B = 1.5 T A (15) 

T B is regarded as a transition temperature above which the B-cross-link is 

capable of dissociation. The viscous flow results in by the successive 

dissociation of the B-cross-links, and it is a rate process requiring a 

relaxation time m. Accordingly, in a time t shorter than m the complete 

change of the molecular configuration of the B-chain does not occur, and 

at t=0 (~Jt,o = n~K (16) 

and at t > m VB 
C )t> = K (17) 

In general, ~B is expressed as a function of time as follows, 

~B/N = (i + n~ e -t/r ) K (18) 

Below TB, (~/N)t~o = n3K = (N/~)3K (19) 

or 
= i -AH 

(~ /N) t~o  = K ~ '  exp{-~(-~ + "-~)} (20) 

Equat ion (20) sugges ts  t ha t  the B=cross - l ink  possesses  a f r ee  energy of the 

formation smaller than that at the equilibrium condition. In other words, 

the B-cross-link is a multiple link and coexists with a smaller link 

having one fourth of the free energy of formation. The latter is denoted 

by v A and expressed by 
i -AH AS -AHA + ASA 

VA/N = exp{=~(  ~ ~)} = exp{ ~ -=~--) (21) 

where AH A and AS A are the heat  and entropy of the format ion  of  the A-cross-  

link, respectively and they are one fourth of those of the B-cross-link. 

Equation (21) is also obtained by the statistical calculation. Since the 

probability of formation of the B-cross-link is given by the successive 

formation of the A-cross-links, 

V_.B B = v 4 VA)4 _AHA 
N (~)(1- ~--~A} = (-N - = exp{4(--~ + ~)} (22) 

Here, VA/N and (1 - VA/N) are the p r o b a b i l i t y  of  c r o s s l i n k i n g  of  the A- 

c r o s s - l i n k  and tha t  of  n o n - c r o s s l i n k i n g .  

In a simmilar way, the A-cross-links coexist with the smaller cross- 

links, whose population is v0/N. 
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N : T ) }  (z3) 
I t  is  l i k e l y  assumed that there are m u l t i p l e ( r o s s - l i n k s  of var ious s ize.  

The populat ion of the b - c ross - l i n k  composed of b segments is  given by 

b 
N exp{T~ -AH - -  = k ' ~ - -  + ( 2 4 )  

Obviously b is distributed in a range between 1 and 16, as shown in figure I. 

The unit cross-link is 

estimated from the heat of 

crosslinking. In the crys- 

tallization one segment is 

linked with other segments 

of the solid and looses a 

configurational entropy 

k 4 - - ~  k 16 )J 

( I )  (2) (3) 

F i g . l  Mu l t i p l e  c ross - l i nks  : ( I )  Single l i nk  

(2) A-link , (3) B-link 

equal to R (the gas constant) on the formation of one link, whose heat or 

the heat of crystallization is AH m. On the contrary, in the formation of a 

cross-link, two segments are involved loosing an entropy of 2R for one 

cross-link. Accordingly, the heat, AH 0 and the entropy, AS0, of cross- 

linking for one segment are respectively 

AH 0 = AHm/2 (25) 

and AS0 = R (26) 

Since AH m for hydrocarbon polymers is about 700 cal/mole of CH2-unit, AH0 

is 350 cal/mole which is smaller than the thermal energy, RT, at room 

temperature. In other words, the cross-link denoted by u0 is not observable 

and the A-cross-link is taken to be as the smallest size of cross-link. 

Under the above assumption, it follows that AH A is 1.4 Kcal and AH B is 5.6 

Kcal. The A-cross-link and the B-cross-link are composed of the units of 

(CH2)~ and (CH2)16, respectively. 

2 Transition temperature 

There are various transition temperatures, TA, T B or T m. They correlate 

with each others as follows 

T A = AH/AS (26) T B = 1.5 T A (27) 

and T m = 2 T A (28) 

The c r o s s l i n k s  a t  t h e  c o r r e s p o n d i n g  t e m p e r a t u r e s  a r e  g i v e n  by 

~- = exp{-y~l -~ = exp (-16/3) = (30) 
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The elasticities at T A and TB, i.e. E A and EB, respectively, are expressed 

as ~A -NO~kT = T (31) 

and EB = T (32) 

where No is  Avogadro 's  number and V is  the molar volume of  segment. Taking 

4 x 14 cm a f o r  V, E A and E B are  10a'Sand l0 s dyne/cm a . They do not  depend 

on the value of AH, although thier 

temperatures are shifted as shown 

in figure 2. At the transition 
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point TA, the cross-link occurs 

between two segments and in the 

glassy state a lateral multiple 

cross-link composed of more than 

two segments may be formed. For 

example, the crosslink is formed 

among three segments by two 

crosslinks as shown in figure 3. 

The glass-transition may be 

induced by such a lateral multiple 

bond and in this case the heat and 

the entropy, i.e. AHg and ASg per 

one segment are 

~4g = 2/3./~H m (33) 

ASg = R (34) 

From equations (33) and (34), the 

glass-transition temperature, Tg 

is expressed 

AHg 2 4 
Tg = ASg = ~  Tm = ~  TA (35) 

It is well-known that Tg is two 

~ T g  

t 
1 ~ 1.3 ~.5 

TIT A 

I 

I 

I 
I 

I 

l 

Tm ~ 

l 
2 

C 

I 
! 
! 

Fig.2 Temperature spectrum 

The dotted line indicates a spectrum 
for the polymer of higher ~H than that 
denoted with a solid line. 

AH m AHm/2 2AHmI3 
( l )  (2) (3) 

F ig.3 Latera l  mu l t i p l e  c ross l i nk  wi th 
heat of formation (i) on the crystal 
(2) single link (3) three-segmental 
link 

thirds of T m and Tg is a little higher than the transition T A. 

Relaxation spectra 

The cross-link possesses different heat of crosslinking and therefore, 

different heat of activation for the dissociation depending on its size. 

The relaxation is determined by the rate of dissociation and consequently, 

the relaxation time, T, is expressed as an exponential function of the 

activation energy of bond dissociation proportional to its size b. 
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h ~h.E~ 
T b = ~-~ exp I (36) 

| -  RT 

where h i s  the Planck c o n s t a n t .  E~ i s  an a c t i v a t i o n  energy for  the d i s s o c i -  

a t i o n  of the u n i t  c r o s s - l i n k .  E l i m i n a t i n g  b from equa t ions  (24) and (36) ,  

i t  fo l lows tha t  
Eb ~b T Tb log log (1 - T )log (37) 

Since ~b/~ A is proport ional to the ra t io  of the e las t i c i t y  Eb/EA, equation 
(37) gives a linear relation between log E and log T, or a wedge-type 

relaxation spectrum as shown 

in figure 4. The slope is 

given by (I - T/TA) which is 

about -i/2 in a range between 

Tg and T B i.e. 1.3 T A and 1.5 
r-- 

TA, respectively. The relation co 

is compatible with the experi- r 

mental relation. 

Equation (37) also suggests 

that the elasticity is much 

changed by the temperature. 

Taking E b constant, the relation between T and T is obtained. For example) 

Tg and Tg are correlate as 

Eb : (1 -  )log 
l ~  A T A T A (38) 

Combining equations (37) and (38), it follows that 

Eb Tb =(log ~A){ i _1 1 log T/TA i Tg/TA} 
log Eb/EA T - Tg (39) 

- Tg/T A - 1 (Tg - TA) + (T - Tg) 

Equation (39) gives an equation for a shift factor with respect to tempera- 
2 

ture proposed by Williams, Landel and Ferry. Taking -3 for log(Eb/EA) , 

1.33 for Tg/T A and 50~ for Tg - TA, equation (39) becomes 

T__ : - 1 0 ( T  - Tg) (40)  
log Tg S0 + T ~ T 

Equat ion (40) i s  s i m i l a r  t ~he WLF-equation, a l though the  c o e f f i c i e n t  i s  

no t  comple te ly  i d e n t i c a l .  More d e t a i l e d  c o n s i d e r a t i o n  may be necessa ry  for  

the s imul taneous  format ion  of  l a t e r a l  m u l t i p l e  bonds toge the r  with t h a t  of  

l o n g i t u d i n a l  ones.  

Equat ion (35) i s  to  be a p p l i c a b l e  to the tempera tures  between T A and T B 

A 

F" / "1" 
/ - -4 .6  

log T 
Fig.4 Relaxation spectrum 

C 

~3.5 log(n0/nB) 
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and above TB, the spectra are shifted according to equation (36) and also 

the factor arising from the molecular weight or no of the polymer, since 

the relaxation time is also a function of no, namely, 

T =(k-~)e E~IRT (n~ 3"s 
�9 xnB/ (41) 

and vB RT 
E = -~ ~ (42) 

Equation (42) gives a box-type relaxation spectrum�9 
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